Abstract. We show that there are hyperbolic tunnel-number one knots with arbitrarily high bridge number and that "most" tunnelnumber one knots are not one-bridge with respect to an unknotted torus. The proof relies on a connection between bridge number and a certain distance in the curve complex of a genus-two surface.
Introduction
Let S be a sphere smoothly embedded in S 3 and let K be a knot transverse to S. The complement in S 3 of S consists of two open balls, B 1 and B 2 . The knot K is in bridge position (with respect to S) if K ∩ B 1 is properly isotopic into S and K ∩ B 2 is properly isotopic into S. The bridge number b 0 (K) of K is the smallest possible number of components of K ′ ∩B 1 where K ′ is in bridge position and K ′ is isotopic to K.
The bridge number of the unknot is 0 because the unknot can be isotoped into B 2 so that it is parallel to S. We will say that a knot is non-trivial if it is not the unknot.
It is known that there are knots with arbitrarily large bridge number. In particular, Schubert showed that the bridge number of a satellite knot is bounded below in terms of the bridge numbers of the knots used to construct it. This fact can be used to construct examples of knots with high bridge number, all containing essential tori or annuli in their complements.
One can also consider the bridge number b 1 (K) of a knot K with respect to an unknotted torus in S 3 . Moriah and Rubinstein [7] , Morimoto, Sakuma and Yokota [10] and Eudave-Munoz [1] have shown that there are tunnel-number one knots which are not one-bridge with respect to an unknotted torus. However, there are no known examples of tunnel-number one knots with toroidal bridge number greater than two.
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We will show that tunnel-number one knots with large bridge number and with b 1 (K) > 1 are fairly common. In particular, we have the following Theorem:
1. Theorem. For every integer N, there is a hyperbolic, tunnel-number one knot such that b 0 (K) > N and b 1 (K) > 1.
To prove Theorem 1, we define a measure of complexity d(τ ) for an unknotting tunnel τ of a knot K. The main theorem then follows from three lemmas: 2. Lemma. For a non-trivial knot K with an unknotting tunnel τ ,
3. Lemma. If τ is an unknotting tunnel for a knot K and d(τ ) > 5 then b 1 (K) > 1. 4 . Lemma. For every N there is a tunnel-number one knot with unknotting tunnel τ such that d(τ ) > N.
The integer d(τ ) is the distance from a certain loop in a handlebody set in the curve complex to a second handlebody set. Because a handlebody set is fairly homogeneous, Lemma 4 implies that "most" unknotting tunnels have high distance, so "most" knots are not onebridge with respect to an unknotted torus.
By the following theorem of Morimoto, Lemma 3 also tells us about the behavior of these knots under connect sum:
5. Theorem (Morimoto [8] ). Let K 1 and K 2 be knots in S 3 with tunnelnumber one. Then the tunnel number of their connect sum is 3 if and only if b 1 (K 1 ) > 1 and b 1 (K 2 ) > 1.
6. Corollary. If knots K 1 and K 2 have unknotting tunnels τ 1 and τ 2 , respectively, such that d(τ 1 ) > 5 and d(τ 2 ) > 5 then the connect sum of K 1 and K 2 has tunnel-number 3.
We define the complexity d(τ ) in Section 2 and describe some of its properties in Section 3. We prove Lemma 2 in Section 4 and Lemma 3 is proved in Section 5. In Section 6, we discuss the geometry of the curve complex, and in Section 7 we prove Lemma 4 and Theorem 1.
Thanks to David Futter for a number of useful suggestions.
Unknotting Tunnels and the Curve Complex
A handlebody is a manifold with boundary that is homeomorphic to a regular neighborhood of a connected graph embedded in a closed, orientable 3-manifold. The genus of a handlebody is the genus of its boundary. Let H be a genus-g handlebody and Σ a closed, orientable, genus-g surface. Let φ : Σ → ∂H be a homeomorphism.
7. Definition. The curve complex C(Σ) is the graph whose vertices are isotopy classes of simple closed curves in Σ and edges connect vertices corresponding to disjoint curves.
For more detailed descriptions of the curve complex, see [4] and [5] .
8. Definition. The handlebody set H ⊂ C(Σ) corresponding to (H, φ) is the set of vertices {l ∈ C(Σ) : φ(l) bounds a disk in H}.
We will not mention the map φ when it is obvious from the context. Given vertices l 1 , l 2 in C(Σ), the distance d(l 1 , l 2 ) is the geodesic distance: the number of edges in the shortest path from l 1 to l 2 . This definition extends to a definition of distances between subsets A, B of C(Σ) by defining d(A, B) = min{d(a, b) : a ∈ A, b ∈ B} and for distances between a point and a set similarly.
Given a knot K, an unknotting tunnel is an arc τ with its endpoints in K such that for a regular neighborhood N of K ∪τ , S 3 \N is a genustwo handlebody H 2 . We call K a tunnel-number one knot if there is an unknotting tunnel for K. The graph K ∪ τ defines a Heegaard splitting (Σ, H 1 , H 2 ) of S 3 where Σ = ∂H 2 and H 1 = N ∪ Σ. For i = 1, 2, let H i ⊂ C(Σ) be the handlebody set induced by H i with the inclusion map Σ → ∂H i .
Let D 1 , D 2 , D 3 ⊂ H 1 be the meridian disks dual to the three edges of K ∪ τ and assume D 1 is the disk dual to τ . In other words, the disks should be properly embedded, pairwise disjoint and each disk should intersect the corresponding edge in a single point and the other edges in no points.
9. Definition. A tunnel isotopy of τ is a sequence of isotopies of K ∪τ that fix K and moves in which the ends of τ are slid past each other along e 1 or e 2 , as in Figure 1 .
After the ends of τ are slid past each other, a set of meridian disks for the new graph can be found by replacing D 2 or D 3 with a new disk. 
Standard distance
For a Heegaard splitting (Σ, For the genus-two Heegaard splitting (Σ,
is a genus-two Heegaard splitting of the knot complement and we can consider the standard distance d(Σ) of this splitting.
The meridian disk D 1 dual to τ is a properly embedded, essential disk in H 1 \ N so ∂D 1 defines an element of the handlebody set H 1 . Thus we immediately have the inequality d(Σ) ≤ d(τ ). The reverse inequality does not necessarily hold, but it isn't far off.
11.
Lemma. If Σ is the Heegaard splitting of the complement of K induced by an unknotting tunnel
Proof. Let D 1 be the meridian disk for τ in H 1 and let D be any properly embedded, essential disk in H 1 . We will show that D can be isotoped disjoint from
Isotope D so as to minimize the number of components of D ∩ D 1 . Since H 1 is irreducible, we can eliminate any loop components, implying that D ∩ D 1 consists of a number of arcs. If the intersection is empty then we're done. Otherwise, consider an outermost arc, cutting
where T 2 is a torus. Every disk in this manifold is boundary parallel.
Since D ′ is boundary parallel, the loop ∂D ′ bounds a disk in some component of This Lemma allows us to immediately employ a number of useful results about standard distance to study unknotting tunnels.
12. Theorem (Scharlemann and Tomova [14] ).
Combining this with Lemma 11 and Lemma 10, we conclude the following:
We can also find a nice connection between d(τ ) and the Seifert genus of K.
14. Proposition (Scharlemann and Thompson [13] ). Suppose K is a knot and τ an unknotting tunnel. Then τ can be made disjoint from a minimum-genus Seifert surface by a slide isotopy.
The following Lemma is a special case of the main Theorem of [11] . 15 . Lemma (Scharlemann [11] ). Let l ⊂ Σ be a simple closed curve which bounds a properly embedded surface S in
Corollary. If h is the Seifert genus of
Proof. By Proposition 14, take τ to be disjoint from some Seifert surface S. Then S ∩ H 1 is an annular neighborhood of ∂S and S ′ = S ∩ H 2 is a properly embedded, once-punctured, genus h surface in H 2 . Moreover,
Bridge number
If K is the unknot then its complement is a solid torus. Let D be an embedded disk in S 3 whose boundary is K and let α be an arc in D whose endpoints are in K. Let τ be the result of isotoping the interior of α away from D. This τ is an unknotting tunnel for the unknot because the complement of an open neighborhood K ∪ α is a genus-two handlebody so α is an unknotting tunnel and τ is isotopic to α. The disk D is properly embedded in the complement and is disjoint from a meridian of τ so d(τ ) = 1.
By Lemma 2.7 in [12] , any two Heegaard splittings of a handlebody are isotopic. Thus Lemma 10 implies that any unknotting tunnel τ ′ for the unknot is slide isotopic to τ and d(τ ′ ) = 1. (One could also Theorem 1' in [3] , which states that any arc in a handlebody whose complement is a handlebody is a boundary parallel arc.)
The Before continuing with the proof of Lemma 2, we need to state one more lemma. Let K be a knot in minimal bridge position with respect to a sphere S and let τ be an unknotting tunnel for K.
17. Lemma (Goda, Scharlemann and Thompson [2] ). There is a tunnel isotopy taking τ into S, if we allow the last move to slide the endpoints of τ together in K.
We will use this in the following proof.
Proof of Lemma 2. Induct on the bridge number n = b 0 (K). If K has bridge number less than 2 then K is the unknot and d(τ ) = 1.
For n ≥ 2, assume the result is true for every knot with bridge number strictly less than n. Let K be a knot with bridge number b 0 (K) = n, with unknotting tunnel τ . By Lemma 17, τ can be made level by a tunnel isotopy if we allow that the last move takes both endpoints of the tunnel to the same point in K. Assume that τ has been leveled in this fashion.
If the endpoints of τ are the same point in K then τ forms a loop in the sphere S so τ is the unknot. The loop K can be thought of as an edge with both ends attached to the same point on the loop τ . Sliding the ends of this edge away from each other along τ turns K into an arc τ ′ which is an unknotting tunnel for τ . Since τ is the unknot, d(τ ′ ) = 1.
The meridian disk for τ ′ , is disjoint from the meridian of τ (both in
Assume τ sits in a level sphere and has distinct endpoints. Then τ ∩ K consists of two points which separate K. Let e 2 and e 3 be the (arc) components of K \ τ . (These correspond to the meridian disks D 2 and D 3 .) Then K ′ = τ ∪ e 2 and K ′′ = τ ∪ e 3 are loops. By isotoping τ slightly we can put the loop K ′ in bridge position. A different isotopy of τ will put K ′′ in bridge position. The number of bridges in e 2 and e 3 add up to the number of bridges in K, so one of the loops K ′ and K ′′ will have bridge number strictly less than K. Without loss of generality, assume b 0 (K ′ ) < b 0 (K). The edge e 3 forms an unknotting tunnel for K ′ . The meridian disks D 1 , D 3 are disjoint so the vertices in C(Σ) corresponding to their boundaries are connected by an edge and
Toroidal Bridge Number
The method used to prove Lemma 2 cannot be generalized to toroidal bridge number because it is not known if unknotting tunnels can always be leveled with respect to an unknotted torus. For knots with b 1 (K) = 1, however, we can get around this problem using the following Lemma:
18. Lemma. If K is a knot such that b 1 (K) = 1 then K has an unknotting tunnel, τ ′ , which sits in a level torus and such that d(τ ′ ) ≤ 2.
Proof. Let K be a knot in one-bridge position with respect to an unknotted torus T . Let B 0 , B 1 ⊂ S 3 be the solid tori defined by T . Let N ′ be a regular neighborhood of K. There is a disk D ⊂ B 1 whose boundary consists of the arc K ∩ B 1 and an arc β in T . (This is because K is in bridge position with respect to T .) A regular neighborhood N of N ′ ∪ B 0 ∪ D 1 is isotopic to B 0 so its complement is a solid torus. By removing the disk D 1 from the union and attaching it to the complement, we find that the complement of N ′ ∪ B 0 is a genus-two handlebody. Let D 0 be a properly embedded essential disk in B 0 that is disjoint from N ′ and let D 1 be a similar disk in B 1 . Such disks exist because K is in bridge position. Let D 2 be a meridian of N ′ which is disjoint from B 0 . Because D 0 and D 1 are disjoint from N ′ , they are properly embedded in N and in the complement of N, respectively. The disk D 2 is also properly embedded and essential in N. The boundary of each disk is disjoint from
The complement in N of an open neighborhood of D 0 is a solid torus which is isotopic to a regular neighborhood of K. Thus there is an arc τ in N which is dual to D 0 and such that τ is an unknotting tunnel for
Note that the complement in N of the disk D 2 is isotopic to B 0 . By sliding the endpoints of τ together along the arc K ∩ B 0 , we can turn τ into a loop which is a core of B 0 and therefore the unknot. In other words, if K is one-bridge with respect to the torus then it has an unknotting tunnel which is an unknotted loop. The converse of this statement is true as well, but is not necessary for this paper, so the proof of the following Theorem is left to the reader:
19. Theorem. A knot K is one-bridge with respect to an unknotted torus if and only if K has an unknotting tunnel which is an unknotted loop.
The existence of a level tunnel, alone, is not good enough to prove a general bound on the bridge number. We need to know that an arbitrary tunnel for the knot has bounded distance. Luckily, if d(τ ) is high enough, Corollary 13 implies that any unknotting tunnel is isotopic to τ . 
Geometry of the Curve Complex
To find an appropriate knot and unknotting tunnel, we will first find a disk D in a standardly embedded handlebody H 1 ⊂ S 3 such that d(∂D, H 2 ) > N. From D we will construct a knot K with unknotting tunnel τ whose meridian disk is D. In this section, we will prove the following Lemma:
To prove this we will employ a number of powerful results about the geometry of the curve complex.
23. Definition. Given sets X and Y in a metric space, we will say that X is an unbounded distance from Y if for every N, there is an
Lemma 22 can be restated as saying that H 1 is an unbounded distance from H 2 .
24. Definition. Given δ ∈ R + , a metric space M is δ-hyperbolic if for any points x 1 , x 2 , x 3 ∈ M and geodesics x 1 x 2 , x 1 x 3 , x 2 x 3 between them, the geodesic x 1 x 2 is contained in a δ-neighborhood of
25. Theorem (Masur and Minsky [5] ). For each genus g ≥ 2, there is a δ such that if Σ is a closed genus-g surface then C(Σ) is δ-hyperbolic.
Definition. A subset A of M is T -quasi-convex if there is a T ∈ R
+ such that for any points x 1 , x 2 ∈ A, any geodesic x 1 x 2 between the points is contained in a T -neighborhood of A.
27. Theorem (Masur and Minsky [6] ). For each g ≥ 2, there is a T such that for any φ : Σ → H, where Σ is a closed genus-g surface, the handlebody set corresponding to H is T -quasi-convex.
28. Definition. A subset A of M has infinite diameter if for every N ∈ N, there are points (Hempel [4] ). The handlebody set corresponding to a handlebody H with genus g ≥ 2 has infinite diameter. (Hempel [4] ). For every g ≥ 2 and for every N, there is a manifold with a genus-g Heegaard splitting (
Theorem

Consider the group G of automorphisms of Σ. An element g ∈ G sends each isotopy class of curves in Σ to a new isotopy class. If two curves are disjoint then their images in g will be disjoint, so g defines an automorphism of C(Σ).
Given a handlebody set H ⊂ C(Σ), we will say that g preserves H if it sends every point of H to another point of H. Note that if g is induced by an automorphism of H then g will preserve H.
Again, let (Σ, H 1 , H 2 ) be a Heegaard splitting of S 3 and let H 1 , H 2 be the handlebody sets corresponding to H 1 , H 2 . We will need the following Lemma:
31. Lemma. The group G is generated by the automorphisms {g ∈ G : g(H 1 ) = H 1 or g(H 2 ) = H 2 } (the automorphisms that perserve either
Proof. The automorphism group of Σ is generated by Dehn twists along a certain finite collection of simple closed curves curves. The loops for a genus-two surface are shown in Figure 2 . Each loop bounds a disk in either H 1 or H 2 so the automorphism given by a Dehn twist along one of these loops extends to an automorphism of H 1 or H 2 . This automorphism preserves either H 1 or H 2 . Figure 2 . Dehn twists along the loops shown generate the mapping class group of a genus-two surface. There is a similar collection for any higher genus surface as well.
Proof of Lemma 22. Assume for contradiction there is an integer N such that for every vertex v ∈ H 1 , d(v, H 2 ) < N. There is an automorphism of S 3 which swaps H 1 and H 2 , so it must also be true that
is a handlebody set of C(Σ). Since g 1 is an isometry of C(Σ), we know that for any v ∈ g 1 (H 2 ),
Generalizing this argument, we see that if some subset X is a bounded distance from H 1 and from H 2 and g 1 preserves H 1 or H 2 then g 1 (X) is a bounded distance from H 1 and from H 2 (although the bound is larger.) Let g = g 1 . . . g m ∈ G where each g i preserves either H 1 or H 2 . By induction, g(H 2 ) is a bounded distance from H 1 and from H 2 .
For any handlebody set H corresponding to a handlebody H and a homeomorphism φ : Σ → ∂H, there is a homeomorphism α : H → H 2 since H and H 2 are handlebodies of the same genus. Let i : Σ → H 2 be the inclusion map. Then g = φ −1 • α • i is an automorphism of Σ and H = g(H 2 ).
By Lemma 31, g is the composition of elements of G which preserve either H 1 or H 2 so the distance from H to H 1 is bounded. Since H was arbitrary, this implies that for any handlebody set in C(Σ), the distance to H 1 is bounded. All that is needed to find a contradiction is to find some handlebody set H such that for every N there is a v ∈ H with d(v, H 1 ) > N.
By Theorem 25 and Theorem 27, let δ and T be integers such that C(Σ) is δ-hyperbolic and every handlebody set is T -quasi-convex. By Theorem 30, let M be a manifold with a Heegaard splitting (
Identifying the handlebodies H 1 and H ′ 1 induces a homeomorphism of from Σ to Σ ′ and therefore an isometry from
As we saw, the assumption that H 1 is a bounded distance from H 2 implies that H is a bounded distance from H 1 , i.e. there is an integer R such that for every v ∈ H, d(v, H 1 ) < R. By Theorem 29, let Let D 2 , D 3 be disjoint disks in H 1 which are non-separating and disjoint from D 1 . There is a spine of H 1 dual to the disks with edges e 1 , e 2 , e 3 . Let K = e 2 ∪e 3 and τ = e 1 . By definition d(τ ) = d(∂D 1 , H 2 ) > N.
For the proof of Theorem 1, we need one more Lemma: 32. Lemma. If the complement of K is toroidal then d(τ ) ≤ 3.
Proof. Let D 1 ⊂ H 1 be the disk dual to τ . Thompson [15] showed that if (Σ, H 1 , H 2 ) is a Heegaard splitting of a toroidal manifold then d(Σ) ≤ 2. By Lemma 11, d(τ ) ≤ d(Σ) + 1 ≤ 3.
In fact, toroidal, tunnel number one knots have been classified by Morimoto and Sakuma [9] . All such knots have b 1 (K) ≤ 1, implying d(τ ) = 2 for some tunnel. 
